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We introduce a group theoretically motivated procedure of parametrizing non-forward matrix
elements of non-local QCD operators by (two-variable) distribution amplitudes of well-defined geo-
metric twist being multiplied by kinematical factors (related to the Lorentz structure of the operators
and to the target states) as well as position-dependent coefficient functions resulting from the (in-
finite) twist decomposition of the operators. These distribution amplitudes are interpreted as (sum
over) power corrections of the double distributions. — Using the technique of harmonic polynomials
for the local operators we determine the (infinite) twist decomposition of totally symmetric opera-
tors completely and for operators with non-trivial symmetry type up to twist τ = 3. This covers
the phenomenological interesting quark-antiquark operators. Using these results we determine the
power corrections to the various double distributions and the vector meson wave functions. It is
shown that the structure of the kinematical power corrections may be obtained, by harmonic exten-
sion, from the corresponding expressions for operators or distribution amplitudes, on the light-cone.
PACS number(s): 12.38 Bx, 13.85 Fb
I. INTRODUCTION
The universal, non-perturbative parton distribution amplitudes parametrizing, modulo kinematical factors, the
matrix elements of appropriate non-local quark-antiquark (as well as gluon) operators play a central role in phe-
nomenological considerations. These operators occur in the quantum field theoretic description of light-cone dom-
inated hadronic processes via the non-local light-cone expansion [1–3]. For deep inelastic lepton-hadron scattering
and Drell-Yan processes the parton distributions are given as forward matrix elements of bilocal light-ray operators
resulting from the time-ordered product of appropriate hadronic currents. For (deeply) virtual Compton scattering
and hadron wave functions the so-called double distributions and hadron distribution amplitudes, respectively, are
given by corresponding non-forward matrix elements. Thereby, various processes are governed by one and the same
(set of) light-ray operators.
For the sake of definiteness let us remember the amplitude of virtual Compton scattering,
Tµν(Pi, Q;Si) = i
∫
d4x eiqx〈P2, S2|RT (Jµ(x/2)Jν(−x/2)S) |P1, S1〉, (1.1)
where Q2 = −q2, q = q2 − q1 denotes the momentum transfer and S is the (renormalized) S−matrix. Restricting to
lowest order the renormalized time-ordered product of the electromagnetic (hadronic) currents, Jµ(x) =: ψ¯(x)γµψ(x) :
in the vicinity of the light-cone, x→ x˜, x˜2 = 0, where
x˜ = x− ζ
(
(xζ) −
√
(xζ)2 − x2
)
with ζ2 = 1, (1.2)
is approximated by (a sum over) coefficient functions C
(5)
µνα(x2, κx˜, µ2) times the matrix elements of (renormalized)
light-ray operators (f denote the quark flavours)
〈P2, S2|O(5)α (κx˜,−κx˜)|P1, S1〉 =
∞∑
n=0
(iκ)n
n!
〈P2, S2|ψ¯f(0)(γ5)γα(x˜
↔
D)nψf(0)|P1, S1〉. (1.3)
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Similar considerations hold for the (vector) meson wave functions occurring in processes like exclusive semileptonic
(or radiative) B decays and hard electroproduction of vector mesons (V = ρ, ω, K∗, φ). The physical interest in this
case arises from the fact that the following vertex function is directly observable in QCD:
T Vµν(q, P ;λ) =
∫
d4x eiqx〈0|RT (Jµ(x/2)Jν(−x/2)S) |V (P, λ)〉, (1.4)
where Jµ can be axial or vector currents and |V (P, λ)〉 is the vector meson state of momentum P and helicity λ.
Here, the universal nonperturbative quantities, the meson distribution amplitudes (DA), sometimes also called meson
wave functions, are given by means of the vacuum-to-meson matrix elements of bi-local operators which, in the limit
x→ x˜, read
〈0|OΓ(x˜,−x˜)|V (P, λ)〉 =
∞∑
n=0
in
n!
〈0|ψ¯f (0)Γ(x
↔
D)nψf
′
(0)|V (f ′f)(P, λ)〉, (1.5)
with Γ = {1, γ5; γα, γαγ5;σαβ , σαβγ5}.
Possibly, in the near future the experimental precision data will allow for the determination of non-leading contri-
butions and, therefore, require for a careful analysis of the various sub-dominant effects contributing to the physical
processes. When considered beyond leading order, i.e., beyond lowest twist operators in tree approximation, one is
confronted not only with radiative corrections but also with power corrections resulting from higher twist as well as
target mass effects. Higher twist contributions are obtained by the decomposition of the bilocal operators OΓ(κx,−κx)
with respect to (irreducible) tensor representations of the Lorentz group having definite twist τ = (scale) dimension
minus (Lorentz) spin [4]. These representations are characterized by their symmetry type (under index permutations
of the traceless tensors) which is determined by corresponding Young frames having, in the case of the Lorentz group,
at the most three lines, [m] = [m1,m2,m3].
The twist decomposition of non-local light-ray operators (‘finite on-cone decomposition’), as far as they are relevant
for hadronic processes, has been completed quite recently. A comprehensive presentation of these results can be found
in Refs. [5,6] where also earlier studies are mentioned. Recently it has been used for the definition of quark distributions
functions of well-defined geometric twist together with their unique relationship to the quark distributions of dynamical
twist (being introduced in Ref. [7]). However, in order to get information about the target mass contributions one
is forced to consider the twist decomposition off-cone, taking into account all the trace terms leading to expressions
suppressed by powers of M2/Q2.
For local operators which are characterized by symmetry type [n], i.e., being determined by totally symmetric
traceless tensors, there exists a well-defined group theoretical framework [8] which works on the light-cone as well
as, by unique harmonic extension, also off the light-cone (‘infinite off-cone decomposition’). For any other symmetry
types which, however, are relevant in the above mentioned physical applications no general theory exists. But, from
our earlier papers [5,6] partial results can be obtained. Using them we are able to present the decomposition of the
relevant off-cone operators up to twist τ = 3 which already covers the cases being experimentally accessible in the
future. In principle, twist-4 results also would be of interest, but there occur at least two bi-local operators of different
symmetry types of which only one has been fully determined.
Let us now explicitly list down, suppressing their flavour content and, as usual, the gauge link, the non-local quark
operators which will be studied in detail. We determine the twist decomposition of the following chiral-even (axial)
vector operators
Oα(κx,−κx) = ψ¯(κx)γαψ(−κx), (1.6)
O5α(κx,−κx) = ψ¯(κx)γαγ5ψ(−κx), (1.7)
together with the corresponding (pseudo) scalar operators
O(5)(κx,−κx) = xαO(5)α(κx,−κx), (1.8)
and the chiral-odd scalar and skew tensor operator
N(κx,−κx) = ψ¯(κx)ψ(−κx), (1.9)
M[αβ](κx,−κx) = ψ¯(κx)σαβψ(−κx). (1.10)
together with the vector and scalar operators
Mα(κx,−κx) = xβM[αβ](κx,−κx), (1.11)
M(κx,−κx) = xβ∂αM[αβ](κx,−κx). (1.12)
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The operators (1.6) – (1.12) constitute a basis not only for the (usual) parton distributions as well as meson wave
functions [9–11] but also for the consideration of double distribution amplitudes being relevant for the various light-
cone dominated QCD processes under consideration. Here, their twist decomposition off the light-cone will be given
up to twist 3 and, in the case of scalar operators, also for any twist. In fact, the ‘external’ operation of contracting with
xα or xβ∂α also influences the possible symmetry type of these operators and, therefore, of their twist decomposition.
Notice that the external coordinates are not multiplied by κ.
As a result these off-cone operators of definite twist are given for the local as well as the resummed nonlocal operators.
The local operators given as the n-th Taylor coefficients of the non-local ones, see, Eqs. (1.3) and (1.5) (or, more
generally, Eqs. (2.1) and (2.2) below), are represented by (a finite series of) Gegenbauer polynomials Cνn(z), ν ≥ 1.
The nonlocal operators, being obtained by resummation with respect to n, are represented by (a related series of)
Bessel functions or, more exactly, either Jν− 1
2
(z) or Iν− 1
2
(z) depending on the values of their arguments.
The group theoretical method for the determination of target mass corrections in unpolarized deep inelastic scat-
tering using harmonic scalar operators of definite spin and the corresponding matrix elements in terms of Gegenbauer
polynomials has been used for the first time by Nachtmann [12]. Some years later, using the same procedure, the
target mass contributions for polarized deep inelastic scattering were studied in Refs. [13–16]. A short review of
Nachtmann’s method in deep inelastic lepton-hadron scattering was given in Ref. [17]. This method differs from the
one being applied by Georgi and Politzer [18] for the target mass corrections in unpolarized deep inelastic scattering.
The latter method which is tailored to the forward case has been applied also to the study of target mass corrections
of polarized structure functions [19,20].
Here, we generalize Nachtmann’s procedure to the case of non-forward matrix elements applying it to off-cone quark-
antiquark operators. In this paper we restrict ourselves to a fairly complete consideration of the various distribution
amplitudes and postpone a more general application, e.g., to the virtual Compton scattering (using a somewhat
different approach the latter has been already considered in Ref. [21]). However, we determine completely the off-cone
power corrections of the meson distribution amplitudes in x−space which are much easier to handle.
The paper is organized as follows. In Sect. II we present our method by considering a typical example. The power
of that approach consists in the fact that one determines the twist decomposition at first for the local and nonlocal
operators and only afterwards takes the matrix elements. In Sect. III totally symmetric operators are studied thus
obtaining the most general result including the whole series of infinite twist. In Sect. IV the twist decomposition of
operators (1.6) – (1.12) up to twist 2 and 3 is given. In Sect. V these results are applied to the double distributions
and the meson distributions.
II. NON-FORWARD MATRIX ELEMENTS OF NONLOCAL OFF-CONE OPERATORS: THE METHOD
A. Parametrization of non-forward matrix elements by independent double distributions of definite twist
To begin with we consider the bilocal off-cone quark-antiquark operators (1.6), (1.7), (1.9) and (1.10), i.e., operators
without external operations which, generically, will be denoted by OΓ(κx,−κx). More generally, they are given as
OΓ(y + κ1x, y + κ2x) = ψ¯(y + κ1x)ΓU(y + κ1x, y + κ2x)ψ(y + κ2x),
with η = y + (κ2 + κ1)(x/2) and ξ = 2κx ≡ (κ2 − κ1)x being the centre and the relative coordinate, respectively,
U(y + κ1x, y + κ2x) = P exp
{
− ig
∫ κ2
κ1
dt xµAµ(y + tx)
}
being the (straight) path ordered phase factor ensuring gauge invariance (which is omitted in the following).
The Fourier transforms of the ‘centred’ operators OΓ(κx,−κx) and their nth moments OΓn(x), i.e., their Taylor
coefficients w.r.t. κ, are related as follows:
OΓ(κx,−κx) =
∫
d4qOΓ(q) eiκxq =
∞∑
n=0
(iκ)n
n!
OΓn(x), (2.1)
with
OΓn(x) =
∫
d4qOΓ(q) (xq)n = (−i)n ∂
n
∂κn
OΓ(κx,−κx)
∣∣∣
κ=0
. (2.2)
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For notational simplicity we wrote the Fourier measure without the usual factor 1/(2π)4; obviously, q should not be
confused with some momentum transfer. It should be remarked that the Taylor expansion of the non-local operators
into local ones is only justified in a restricted region of the Hilbert space [1,2]. Here, we assume their existence after
taking physical matrix elements.
Now, we introduce a suitable, but preliminary parametrization of the non-forward matrix elements of the bilocal
operators OΓ(κx,−κx). Namely, they can be represented as (everywhere, we use summation convention w.r.t. a)
〈P2, S2|OΓ(κx,−κx)|P1, S1〉 = KaΓ(P)
∫
DZ eiκ(xP)Z fa(Z,PiPj , x
2;µ2). (2.3)
This parametrization which takes up and generalizes previous ones [3,22,23] deserves some explanations and further
comments:
• First, we introduced the notation P = {P+, P−} and Z = {z+, z−} with P± = P2 ± P1 and z± = 12 (z2 ± z1)
thereby defining some (2-dimensional) vector space with scalar product PZ ≡ ∑Pizi = P+z+ + P−z−. In
addition, the integration measure is defined by DZ = dz1dz2θ(1 − z1)θ(z1 + 1)θ(1− z2)θ(z2 + 1).
• Next, KaΓ(P) denote the linear independent spin structures being defined by the help of the (free) hadron wave
functions and governed by the Γ−structure of the corresponding nonlocal operator OΓ. For example, in the case
of the virtual Compton scattering, there are two independent spin structures, the Dirac and the Pauli structure,
K1µ = u¯(P2, S2)γµu(P1, S1) and K2µ = u¯(P2, S2)σµνP ν−u(P1, S1)/M , respectively.
• Furthermore, modulo these spin structures, the Fourier transforms fa(Z,PiPj , x2;µ2) of the matrix element
〈P2, S2|OΓ(κx,−κx)|P1, S1〉 with respect to the independent variables κ(xP) are the associated (universal, renor-
malized) two-variable distribution amplitudes as introduced in [3] but here extended off the light-cone. As it is
obvious, also their dependence on PiPj, x
2 and the renormalization point µ2 has to be taken into account.
• The representation (2.3) gives the most general expression for the non-forward matrix elements of OΓ(κx,−κx).
An essential aspect of that approach consists in the support restriction, −1 ≤ zi ≤ 1, of the distribution
amplitudes fa(Z,PiPj , x
2;µ2) since the matrix elements can be shown to be entire analytic functions with
respect to xPi (for a detailed discussion, see, [2,3]).
• Obviously, the representation (2.3) may be used also for more involved matrix elements, like (scalar) meson
production, by extending the final state to 〈P2, S2; k1| thereby enlarging the Z− and the P–space and extending
the set of possible spin structures KaΓ(P) and related distribution amplitudes fa (see, e.g., Ref. [24]). It can be
specified also to vacuum-to-hadron transition amplitudes.
Finally, let us comment on operators with external operations, i.e. when the (axial) vectors or the (skew) tensors
are multiplied ‘externally’ by xβ and/or ∂α. In these cases the ‘external’ vector xβ or tensor xβ∂α is assumed not
to be Fourier transformed and the external operations have to be applied onto both sides of Eq. (2.3). Thereby the
tensor structure of these external operations matches with the tensor structure of KaΓ which by itself are independent
of the coordinates. Despite of this the external operations heavily influence the possible symmetry type of the local
operators and their decomposition into irreducible tensor representations of the Lorentz group.
Now, let us take into account that the non-local operators OΓ(κx,−κx), formally, are given by infinite series of
operators of growing (geometric) twist τ (using summation convention also w.r.to Γ),
OΓ(κx,−κx) =
∑
τ≥τmin
c
(τ)Γ′
Γ (x)O(τ)Γ′ (κx,−κx), (2.4)
with
O(τ)Γ (κx,−κx) = P(τ)Γ
′
Γ OΓ′(κx,−κx), (2.5)(P(τ) × P(τ ′)) Γ′
Γ
= δττ
′P(τ)Γ′Γ , (2.6)
where P(τ)ΓΓ′ are well-defined projection operators. Also here we have to add some comments in order to make the
content of Eqs. (2.4) – (2.6) more definite:
• The projection operators P(τ)Γ′Γ (x, ∂x) which immediately act on the undecomposed operators OΓ(κx,−κx)
depend on the coordinates and their derivatives and, eventually, contain additional integrations with respect to
some auxiliary variables. Usually, the summation over Γ′ is restricted to the same tensorial type. The specific
form of the projections may be read off from the explicit twist decompositions, cf., e.g., Sec. III, where various
infinite twist series have been derived, as well as Sec. IV, Eqs. (4.17) – (4.19).
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• The coefficient functions c(τ)Γ′Γ (x) essentially depend on (powers of) x2 but, in principle, according to the tensor
structure of the operators they also could depend on xµ, cf., e.g., Eqs. (3.19). In addition, we remark that
different operators of the same twist may occur having, of course, different coefficient functions.
• Approaching the light-cone, x→ x˜, the series (2.4) terminates at some finite value τmax since almost all of the
coefficient functions vanish for x2 = 0. That situation has been considered extensively, e.g., in Refs. [5,6]
• Obviously, analogous decompositions exist for the local operatorsOΓn(x) which are uniquely related to Eqs. (2.4)
– (2.6). They have been derived in parallel to the non-local operators in Secs. III and IV.
• Finally, we remark that the relations (2.1) and (2.2) between the local and the non-local operators, OΓn(x) and
OΓ(κx,−κx), and the Fourier transforms, OΓ(q), also hold for the corresponding operators of definite twist τ .
Introducing the decomposition (2.4) into the representation (2.3) allows for an analogous decomposition of the distri-
bution amplitudes, fa(Z,PiPj , x
2;µ2),
KaΓ(P) fa(Z,PiPj , x2;µ2) =
∑
τ≥τmin
c
(τ)Γ′
Γ (x)KaΓ′ (P) f (τ)a (Z,PiPj, x2;µ2). (2.7)
Then, for the matrix elements of operators O(τ)Γ with definite geometric twist τ we obtain two different versions,
〈P2, S2|O(τ)Γ (κx,−κx)|P1, S1〉 = KaΓ(P)
∫
DZ eiκ(xP)Z f (τ)a (Z,PiPj , x
2;µ2)
= P(τ)Γ′Γ (x, ∂x)KaΓ′(P)
∫
DZ eiκ(xP)Z f (τ)a (Z;µ
2), (2.8)
where the first line is only the reduction of relation (2.3) to their twist components and where, in the second line, using
properties (2.6) of the projection (2.5) onto the non-local operators of definite twist we introduced the related Lorentz
invariant double distributions f
(τ)
a (Z;µ2) of definite twist τ not suffering from any power corrections. Concerning that
definition of double distributions let us give a heuristic justification and some of its consequences:
• Reminding the Fourier representation (2.1) for the non-local operators O(τ)Γ (κx,−κx) it looks reasonable that the
x2− and P−dependence of the distribution amplitudes fa(Z,PiPj, x2;µ2) should be already uniquely determined
by the projection operators of (2.5) acting on the exponential on the right hand side of (2.8) and, possibly, on
some external operations matching KaΓ′(P). This reflects the fact that every local operator of definite twist
is determined by its symmetry type expressed, within the polynomial method, through specific differential
operators acting on (traceless) harmonic tensor operators containing the x2−dependence, cf., Eq. (2.10) below.
• As a consequence, the mass corrections of the matrix elements (2.3) are determined by Eq. (2.8). Likewise,
the distribution amplitudes fa(Z,PiPj , x
2;µ2), using both forms of the matrix element (2.8), formally may be
expressed through the double distributions f
(τ)
a′ (Z;µ
2) according to:
f (τ)a (Z,PiPj , x
2;µ2) =
(K−1(P))Γ
a
(
e−iκ(xP)ZP(τ)Γ′Γ (x, ∂x) eiκ(xP)Z
)
Ka′Γ′(P) f (τ)a′ (Z;µ2)
= F (τ)aa′
(
(xPZ), x2(PZ)2
)
f
(τ)
a′ (Z;µ
2); (2.9)
here, F (τ)aa′
(
(xPZ), (PZ)2x2
)
contains any information about the power corrections of the double distribution. In
addition, we observe that, as a result of the twist projection, the (xP)−dependence of the matrix element is
only partly determined by the double distributions f
(τ)
a′ (Z;µ
2).
• Obviously, since the decomposition of the distribution amplitudes is uniquely related to the decomposition of
the corresponding (quark-antiquark) operators the power corrections of the double distributions, Eq. (2.9), are
already determined by the twist decomposition of these operators. Both decompositions, besides on (xPZ), also
depend on the following combination of variables, (xPZ)/
√
x2(PZ)2 and
√
(xPZ)2 − x2(PZ)2, being the argu-
ments of appropriate Gegenbauer polynomials and Bessel functions in the case of local and non-local operators,
respectively; cf., Subsecs. II B and II C below.
• Notice, that the double distributions of definite twist f (τ)a (Z;µ2) being independent on x2 are already determined
by the decomposition of the non-local matrix elements on the light-cone. Also their renormalization properties
are determined by the light-cone operators only.
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This procedure of introducing double distributions of definite geometric twist generalizes to arbitrary off-cone values
of x what has been introduced in [9] for the parton distribution functions of definite geometric twist, i.e., for the case of
forward matrix elements restricted to the light-cone, and later on applied to the (vector) meson distribution amplitudes
[10], i.e., to vacuum-to-meson matrix elements, also restricted to the light-cone.
Let us now present the arguments leading to the r.h.s. of Eq. (2.8) more explicitly. Namely, the non-forward matrix
elements after performing the twist projection of relations (2.1) are given as follows:
〈P2, S2|O(τ)Γ (κx,−κx)|P1, S1〉 = 〈P2, S2|P(τ)Γ
′
Γ (x, ∂)
∫
d4qOΓ′(q) eiκxq|P1, S1〉
=
∫
d4q
(
P(τ)Γ′Γ (x, ∂) eiκxq
)
〈P2, S2|OΓ′(q)|P1, S1〉 (2.10)
=
∫
DZ
(
P(τ)Γ′Γ (x, ∂x) eiκ(xP)Z
)
KaΓ′(P) f (τ)a (Z;µ2).
Here, in the second line we simply reordered the operations of integration, taking matrix elements and twist projections
appropriately. In order to get the third line we observe the symmetry in x and q of the local twist projections,
P(τ)Γ′n Γ (x, ∂)(xq)n ≡ P(τ)Γ
′
n Γ (q, ∂q)(xq)
n, from which one derives for the second line:
∞∑
n=0
(iκ)n
n!
(
P(τ)Γ′n Γ (x, ∂)xµ1 . . . xµn
)∫
d4q
(
P(τ)Γ′′n Γ′ (q, ∂q) qµ1 . . . qµn
)
〈P2, S2|OΓ′′n(q)|P1, S1〉.
Here, the integrand contains the matrix elements of the irreducible local operators of definite twist O(τ)Γµ1...µn(q). Their
reduced matrix elements f
(τ)
n1n2 , n1 + n2 = n, which are related to the decomposition of (P2 + P1)
n into independent
monomials may be represented by (double) moments of corresponding double distributions f
(τ)
a (z1, z2) multiplied
by the kinematical factors KaΓ(P1, P2). Finally, since q reflects the dependence of the (local) operators on
↔
D, after
performing the integration and the resummation over n, q within the integrand simply has to be replaced by PZ.
That procedure will be demonstrated explicitly in Subsec. II.C.
Formally, in the various experimental situations, in any Fourier integrand having the structure of Eq. (2.10), we
only have to perform the following replacements (denoted by
.
=):
(A) In the case of non-forward scattering, as just explained, we obtain
〈P2, S2|OΓ(q)|P1, S1〉 .= KaΓ(P)
∫
DZ δ(4)(q − PZ) f (τ)a (Z;µ2). (2.11)
(B) In the case of forward scattering, i.e., for P1 = P2 = P , the situation changes into
〈P, S|OΓ(q)|P, S〉 .= KaΓ(P )
∫
dz δ(4)(q − 2Pz) fˆ (τ)a (z;µ2), (2.12)
with P+ = 2P, P− = 0; z+ = z. These distributions fˆ
(τ)
a (z, µ2) are obtained from the double distributions fˆ
(τ)
a (Z, µ2)
by integrating out the independent variable z−, i.e.,
fˆ (τ)a (z, µ
2) =
∫
dz−f
(τ)
a (z+ = z, z−;µ
2). (2.13)
(C) In the case of vacuum-to-hadron transition amplitudes, e.g., for the meson distribution amplitudes one obtains
〈0|OΓ(q)|V (P, λ)〉 .= K˜aΓ(P )
∫
dξ δ(4)(q − Pξ) f˜ (τ)a (ξ;µ2), (2.14)
with P2 = P ; z2 = ξ. Obviously, the spin structures are different from the above cases and, by construction, only P
and ξ occur.
From the foregoing discussion it is obvious that the mass corrections to the various physical processes are completely
determined by the twist structure of the bilocal operators O(τ)Γ (κx,−κx) =
∫
d4qO(τ)Γ (q) eiκxq. Performing matrix
elements according to the replacements Eqs. (2.11) – (2.14) we obtain the related expressions for the S-matrix elements
of the physical process under consideration. Then, a further Fourier transformation with respect to the coordinate x
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like in Eqs. (1.1) and (1.4), finally, leads to a representation of the scattering or transition amplitudes in terms of the
inverse momentum transfer depending, quite generally, on PiPj/Q
2.
In the next two subsections we demonstrate our procedure for the simplest nontrivial case, first, directly for non-
forward matrix elements and then, more efficiently, for the corresponding nonlocal operator itself. Thereby, we
introduce the technique of expansion into (local) harmonic polynomials and their resummation to non-local harmonic
operators.
B. Non-forward matrix elements of bilocal operators having definite twist: A simple nontrivial example
Let us now demonstrate our procedure by the simplest nontrivial example, the non-forward matrix element of the
twist-2 part of the (pseudo)scalar operator, Eq. (1.8), which is relevant for the leading terms of virtual Compton
scattering [25]. This operator containing the ‘external’ truncation by xµ is given by [26,5]
Otw2(κx,−κx) = ψ¯(κx)(xγ)ψ(−κx) +
∞∑
k=1
∫ 1
0
dt
(1− t
t
)k−1(−x2
4
)k k
k!(k − 1)! ψ¯(κtx)(xγ)ψ(−κtx). (2.15)
Its matrix elements, taking into account the Dirac structure only, read
〈P2|Otw2(κx,−κx)|P1〉 = u¯(P2)(xγ)u(P1)
∫
DZ eiκ(xP)Z F
(2)
D (Z)
+
∞∑
k=1
∫ 1
0
dt
(1− t
t
)k−1(−x2
4
)k k
k!(k − 1)! u¯(P2)(xγ)u(P1)
∫
DZ eitκ(xP)Z F
(2)
D (Z), (2.16)
where F
(2)
D (Z) denotes the twist-2 Dirac type double distribution. Obviously, on the light-cone only the first term
survives. Here, we take the complete expansion into account. Performing the differentiations,

k(xγ)eiκtxPZ =
[
t2k (xγ) (iκxPZ)2k + 2k t2k−1 (iκγPZ)(iκxPZ)2(k−1)
]
eiκtxPZ,
and using ∫ 1
0
dt
(1− t)k−1tℓ+1
(k − 1)!ℓ! e
itκ(xP)Z =
∞∑
n=0
(iκxPZ)n
n!
(n+ ℓ+ 1)!
(n+ k + ℓ+ 1)!ℓ!
,
this can be rewritten as follows:
〈P2|Otw2(κx,−κx)|P1〉 =
∫
DZF
(2)
D (Z)
{
u¯(P2)(xγ)u(P1)
∞∑
k=0
∞∑
n=0
(iκxPZ)n
n!
(n+ k + 1)!
(n+ 2k + 1)!k!
( (κx)2(PZ)2
4
)k
− 1
2
iκx2u¯(P2)(γPZ)u(P1)
∞∑
k−1=0
∞∑
n=0
(iκxPZ)n
n!
(n+ k)!
(n+ 2k)!(k − 1)!
( (κx)2(PZ)2
4
)k−1}
.
Now, shifting k → k + 1 in the second k−summation, and observing the series representation of the modified Bessel
functions of the first kind (cf., Ref. [27], Eq. I.5.2.13.27),
∞∑
n=0
Γ(n+ ν + 12 )
Γ(n+ 2ν + 1)n!
zn =
√
π ez/2 z−ν Iν(z/2) (2.17)
for ν = k + 3/2 and z = iκ(xP)Z we arrive at
〈P2|Otw2(κx,−κx)|P1〉 =
∫
DZF
(2)
D (Z)
{
u¯(P2)(xγ)u(P1)(2 + x∂)− 1
2
iκx2u¯(P2)(γPZ)u(P1)
}
(3 + x∂)
×
∞∑
k=0
(
(κx)2(PZ)2/4
)k
k!
∞∑
n=0
(n+ k + 1)!
(n+ 2k + 3)!
(iκxPZ)n
n!
=
∫
DZF
(2)
D (Z) u¯(P2)γ
µu(P1)
{
xµ(2 + x∂)− 1
2
iκPµZx
2
}
(3 + x∂)
×
∞∑
k=0
(
(κx)2(PZ)2/4
)k
k!
√
π eiκxPZ/2 (iκxPZ)−k−3/2 Ik+3/2(iκxPZ/2).
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Now, using Iν
(
eiπ/2z) = eiπν/2 Jν(z) with the (usual) Bessel functions Jν(z) as well as (cf. Ref. [27], Eq. II.5.7.6.1)
∞∑
k=0
tk
k!
Jk+ν(z) = z
ν/2 (z − 2t)−ν/2Jν
(√
z2 − 2tz) for |2t| < z, (2.18)
and substituting t = κx2q2/(4xq) and z = κxq/2 we finally arrive at
〈P2|Otw2(κx,−κx)|P1〉 =
√
π u¯(P2)γ
µu(P1)
∫
DZF
(2)
D (Z)
{
xµ (2 + x∂)− 1
2
iκPµZx
2
}
(3 + x∂)
×
(
κ
√
(xPZ)2 − x2(PZ)2
)−3/2
J3/2
(
κ
2
√
(xPZ)2 − x2(PZ)2
)
eiκxPZ/2. (2.19)
This holds in the case (xPZ)2 − x2PZ2 ≥ 0, otherwise we have to change into Iν(z). That result exactly corresponds
to Eq. (2.8) for the example under consideration. Observe that another half of the exponential is concealed within
the Bessel function!
In the case of forward scattering because of u¯(P )γµu(P ) = 2Pµ we obtain
〈P |Otw2(κx,−κx)|P 〉 =2√π
∫
dz F̂
(2)
D (z)
{
(xP ) (2 + x∂)− iκz P 2x2
}
(3 + x∂)
×
(
2κz
√
(xP )2 − x2P 2
)−3/2
J3/2
(
κz
√
(xP )2 − x2P 2
)
eiκxPz. (2.20)
If this expression is restricted to the light-cone, x2 = 0, the well-known parton distribution is obtained. Namely,
using the Poisson integral for the Bessel functions (cf., Ref. [28], Eq. II.7.12.7),
Γ(ν + 1
2
)Jν(z) =
1√
π
(z
2
)ν ∫ 1
−1
dt (1− t2)ν−1/2 eitz for Re ν > −1
2
, (2.21)
we obtain (ξ = κz(x˜P ))
〈P |Otw2(κx˜,−κx˜)|P 〉 = 2(x˜P )√π
∫
dz F̂
(2)
D (z) (2 + ξ∂ξ)(3 + ξ∂ξ)
(
2ξ
)−3/2
J3/2(ξ) e
iξ
= 2(x˜P )
∫
dz F̂
(2)
D (z)
∫ 1
0
dt t(1 − t)(3 + t∂t)(2 + t∂t) e2itξ
= 2(x˜P )
∫
dz F̂
(2)
D (z)
∫ 1
0
dt t(1 + t∂t) e
2itξ = 2(x˜P )
∫
dz F
(2)
D (z) e
2iκz(x˜P ); (2.22)
in the second line we introduced the Poisson integral after shifting the integration variable t→ (t+1)/2 and followed
by changing ξ∂ξ → t∂t, then we partially integrated two times retaining finally only the surface term at t = 1. As a
result we arrived at the twist-2 parton distribution as introduced in [9], F̂
(2)
D (z) ≡ F (2)(z), which coincides with f1(z)
in the notation adopted by Jaffe and Ji [7].
The power corrections of the parton distribution F (2)(z) are obtained according to the relation (2.9). Namely, using
the matrix element (2.20) and, again, taking into account the representation (2.21), one gets (Y =
√
1− x2P 2/(xP )2):
F (2)(z, xP, x2P 2;µ2) = F (2)(z) e−2iκ(xP )z
1
8
{
(2 + x∂)− iκz x
2P 2
(xP )
}
(3 + x∂)
∫ 1
−1
dt (1 − t2) eiκ t (xP )z Y eiκ(xP )z
= F (2)(z) e−2iκ(xP )z
1
4Y
{(
1 + Y
)2
eiκ(xP )z(1+Y ) − (1− Y )2eiκ(xP )z(1−Y )} (2.23)
Analogous expressions result for the pseudo scalar case by observing u¯(P )γµγ5u(P ) = 2S
µ.
The situation in the non-forward case is somewhat more complicated and, therefore, will be omitted here. There,
not only the Dirac but also the Pauli structure has to be taken into account whose general form coincides with the
expression (2.19) with KµD being replaced by KµP but, as can be proven by using the hadrons equation of motion, in
accordance with Eq. (2.9) both the Dirac and Pauli structures mix with each other.
Finally, let us point to the fact that expressions similar to Eq. (2.20) have been obtained in Ref. [29] for inclusive
particle production in e+e−–annihilation. This work is based on a procedure [26] which, in order to obtain higher
twists, avoids the consideration of group representations and, instead, makes use of the quark (and gluon) equations
of motion. As already mentioned [5] in the case of vector (and tensor) operators by this approach the tracelessness of
the (local) operators and, consequently, also the definiteness of their geometric twist may be missing.
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C. Nonlocal off-cone operators of definite twist: The technique of harmonic polynomials
Obviously, the x−dependence of the expressions (2.19) – (2.22) is completely determined by the twist structure
of the operator from which the matrix element has to be built. Therefore, let us derive these results directly from
the related twist-2 operator. But, instead starting from the nonlocal expression (2.15) we use its local version being
given by harmonic polynomials of order n in x. This polynomial technique uses the vector x ∈ R4 as a device for
writing tensors with special symmetries in analytic form [8,30,31]. It has the advantage to be directly related to the
irreducible tensor representations of the Lorentz group. Its group theoretical background as far as it is related to
totally symmetric tensors has been given in Ref. [8].
The local scalar operator according to (2.2) is given by
On+1(x) ≡ ψ¯(0)(xγ)(x
↔
D)nψ(0) =
∫
d4q
(
ψ¯γµψ
)
(q)xµ (xq)
n, (2.24)
which shows that, in this connection, q formally replaces the covariant derivative
↔
D sandwiched between the quark
operators. This local operator has a (finite) twist decomposition whose complete series will be given later on,
cf., Eq. (3.11). Its twist-2 part is simply given by the harmonic polynomials [32,8],
Otw2n+1(x) =
[n+1
2
]∑
k=0
(−1)k(n+ 1− k)!
4kk!(n+ 1)!
x2kkOn+1(x) ≡ P(2)n+1(x2, ∂2)On+1(x), (2.25)
being characterized by traceless, totally symmetric tensors of rank n+ 1 whose indices are completely contracted by
xµ1 · · ·xµn+1 . They obey the condition of harmonicity: Otw2n+1(x) = 0.
Performing the derivatives,
x2kk(γx)(qx)n =
n!
(n− 2k)! (γx)(q
2x2)k(qx)n−2kθn−2k +
2k n!
(n+ 1− 2k)! x
2(γq)(q2x2)k−1(qx)n+1−2kθn+1−2k, (2.26)
and using the series expansion of the Gegenbauer polynomials (see, e.g., Ref. [27], Appendix II.11),
Cνn(z) =
1
(ν − 1)!
[n
2
]∑
k=0
(−1)k(n− k + ν − 1)!
k!(n− 2k)! (2z)
n−2k, (2.27)
we obtain
Otw 2n+1(x) =
1
n+ 1
∫
d4q
(
ψ¯γµψ
)
(q)
{
xµ
(
1
2
√
q2x2
)n
C2n
(
qx√
q2x2
)
− 1
2
qµ x
2
(
1
2
√
q2x2
)n−1
C2n−1
(
qx√
q2x2
)}
. (2.28)
Again, some remarks are in order:
• The factor 1/(n+1) in front of the integral results from the equality xµ(xq)n = (1/n+1)∂qµ(xq)n+1; it corresponds
to the normalization of the decomposition of the local operators into irreducible representations, i.e., to the
normalization of the associated Young operators. In the nonlocal formulation it leads to the t−integration in
Eq. (2.16), cf., also, Ref. [5].
• The (discrete) θ−functions guarantee that both the k−summations do not contain undefined factorials thus
correctly leading to the corresponding Gegenbauer polynomials. In the following this is circumvented by the
convention that Gegenbauer polynomials of negative order are equal to zero.
• Obviously, Eq. (2.28) is the analytic continuation from Euclidean spacetime — where the Gegenbauer poly-
nomials obey the well-known orthonormality relations within the region −1 ≤ z ≤ 1 — to the Minkowski
spacetime where the arguments of the square roots and of the Gegenbauer polynomials, depending on whether
q2 and/or x2 are space-like or time-like, may be imaginary and, furthermore, could take values outside that
region. This, however, has no influence on the validity of the above result since these polynomials being entire
analytic functions are well defined on the whole complex plane.
• Notice that the second term in Eq. (2.28) is due to the exterior x−dependence of the scalar operator. Being
proportional to x2 it vanishes on the light-cone. Furthermore, on the light-cone only the highest power zn of the
Gegenbauer polynomial C2n(z) survives and, as it should be because of (2.25), leads exactly to the expression
(2.24) with x→ x˜!
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• Finally, according to the above mentioned interpretation of q as some kind of ‘operator symbol’ within the
Fourier integral, Eq. (2.28) operationally has to be understood as if the polynomial inside the curly brackets
had been written in terms of
↔
D instead of q and inserted into the operator ψ¯(0)γµψ(0).
Now, let us remind the generating function of the Gegenbauer polynomials (see, e.g., Ref. [27], Eq. II.5.13.1.3),
∞∑
n=0
an
(2ν)n
Cνn(z) = Γ
(
ν + 1
2
)(a
2
√
1− z2
)1/2−ν
Jν−1/2
(
a
√
1− z2
)
eza, (2.29)
where (2ν)n = 2ν(2ν + 1) . . . (2ν + n− 1) = Γ(n+ 2ν)/Γ(2ν) is the Pochhammer symbol. Choosing z = (qx)/
√
q2x2
and a = i
√
q2x2/2, the local scalar operators of twist–2, Eq. (2.28), can be summed up according to Eq. (2.1) to the
bilocal scalar operator of twist–2:
Otw2(κx,−κx) =
∞∑
n=0
(iκ)n
n!
Otw2n+1(x) =
√
π
∫
d4q
(
ψ¯γµψ
)
(q)
{
xµ (2 + x∂)− 1
2
iκqµx
2
}
(3 + x∂)
×
(
κ
√
(qx)2 − q2x2
)−3/2
J3/2
(
κ
2
√
(qx)2 − q2x2
)
eiκqx/2. (2.30)
Here, the homogeneous derivations (c + x∂) are required to compensate for some extra factors (c + n) which are
necessary in order to by able to introduce the Pochhammer symbols in the denominator. Obviously, for the second
term in Eq. (2.28), after shifting n→ n+1 in the series over n, only one additional factor is required. — Also here q
has to be considered as a symbol replacing the covariant derivatives sandwiched between the quark operators.
Now, let us discuss the matrix elements of the twist-2 operators (2.28) and (2.30) starting with the forward case
P1 = P2 = P . The q−integral representation of the local twist-2 operator, observing the symmetry in q and x of the
twist-2 projection of (qx)n+1,
P(2)n+1(x2, ∂2) (xq)n+1 =
(
1
2
√
q2x2
)n+1
C1n+1
(
qx√
q2x2
)
,
may be rewritten as follows
Otw 2n+1(x) =
1
n+ 1
∫
d4q
(
ψ¯γµψ
)
(q)
∂
∂qµ
{(
1
2
√
q2x2
)n+1
C1n+1
(
qx√
q2x2
)}
=
{
P(2)n+1(x2, ∂2)
(
xµ1 . . . xµn+1
)} 1
n+ 1
∫
d4q
(
ψ¯γµψ
)
(q)
∂
∂qµ
(
qµ1 . . . qµn+1
)
=
{
P(2)n+1(x2, ∂2)
(
xµ1 . . . xµn+1
)} 1
n+ 1
∫
d4q
(
ψ¯γµψ
)
(q)
∂
∂qµ
{
P(2)n+1(q2, ∂2q )
(
qµ1 . . . qµn+1
)}
.
Obviously, the integrand is an irreducible tensor operator of order n+1. Its forward matrix elements are given by the
reduced matrix element f
(2)
n times the irreducible tensor written in terms of the momentum P+ = 2P . As the result
we finally obtain
〈P, S|Otw 2n+1(x)|P, S〉 =
f
(2)
n
n+ 1
(
u¯(P )γµu(P )
) ∂
∂(2Pµ)
{(√
P 2x2
)n+1
C1n+1
(
Px√
P 2x2
)}
=
f
(2)
n
n+ 1
(2Px)
{(√
P 2x2
)n
C2n
(
Px√
P 2x2
)
− P
2 x2
(xP )
(√
P 2x2
)n−1
C2n−1
(
Px√
P 2x2
)}
. (2.31)
Now, as usual, the reduced matrix elements f
(2)
n are considered as the moments of a distribution f (2)(z),
f (2)n =
∫ 1
−1
dzznf (2)(z). (2.32)
Taking this into account we obtain, after summing up over n, the following expression of the forward matrix elements
of the non-local twist-2 operators
〈P, S|Otw2(κx,−κx)|P, S〉 = u¯(P )(xγ)u(P )
∫ 1
−1
dz f (2)(z)
{
(2 + x∂)− iκzP
2x2
(xP )
}
(3 + x∂)
×√π
(
2κz
√
(Px)2 − P 2x2
)−3/2
J3/2
(
κz
√
(Px)2 − P 2x2
)
eiκzPx, (2.33)
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which coincides with the expression (2.20).
More generally, when non-forward matrix elements are taken the argumentation is almost the same. But now, in
the case of the local operators, there occur n+ 1 different reduced matrix elements, f
(2)
n,m, related to the monomials
Pm1 P
n−m
2 , 0 ≤ m ≤ n which are obtained from (P2+P1)n, and the corresponding non-forward matrix element reads:
〈P2, S2|Otw 2n+1(x)|P1, S1〉 =
n∑
m=0
(
n
m
)
f (2)n,m
(
u¯(P2)γµu(P1)
)P(2)n+1(x2, ∂2){xµ(xP1)m(xP2)n−m}. (2.34)
Now let us rewrite the reduced matrix elements f
(2)
n,m as the double moments of some double distribution f (2)(z1, z2),
f (2)n,m =
∫ 1
−1
dz1
∫ 1
−1
dz2 z
m
1 z
n−m
2 f
(2)(z1, z2). (2.35)
After resumming w.r.t. n and rewriting f (2)(z1, z2) = F
(2)
D (z+, z−) we finally arrive at the expression (2.19) for the
non-forward matrix element of the nonlocal operator Otw 2(κx,−κx).
Obviously, this second approach is more appropriate since, as an intermediate step, also knowledge about the local
operators of definite twist is obtained which is related to the corresponding moments of the double distributions.
From this approach it becomes also obvious that the mass corrections of different physical processes are related to
each other if they can be traced back to the same operator content.
In the following we use this polynomial technique to determine the local as well as nonlocal quark operators of
definite twist. Thereby, we generalize Nachtmann’s approach not only to non-forward matrix elements of (non)local
operators. In addition we consider also the case of more general tensor operators having nontrivial symmetry types.
III. TOTALLY SYMMETRIC NONLOCAL HARMONIC OPERATORS OF ANY GEOMETRIC TWIST
The determination of the complete twist decomposition of non-local operators into the infinite tower of harmonic
operators of definite twist is possible only for the case when their n−th moments are related to irreducible tensor
representations of the Lorentz group having symmetry type [n], i.e., being completely symmetric and traceless. The
corresponding group theoretical background underlying this polynomial technique has been formulated by Bargmann
and Todorov [8]. There, also the projection property (2.6) is proven by explicit construction. In order to demonstrate
the efficiency of the polynomial technique and because of their physical relevance we apply it to the complete twist
decomposition of the scalar operators N(x,−x), M(x,−x) and O(x,−x), Eqs. (1.9), (1.12) and (1.8), having minimal
twist τ = 3 and τ = 2, respectively, as well as to the related vector and tensor operators. At the same time the
general aspects of the twist projection, Eqs. (2.4) – (2.6), together with the related comments, will be exemplified.
A. Scalar harmonic operators without external operations
To begin with the simplest case let us study the local operators Nn(x) of degree n which are generating polynomials
of symmetric tensors of degree n. The general formula for the decomposition of the local scalar operator Nn(x) into
its harmonic polynomials of definite twist τ = 3 + 2j, j = 0, 1, . . . , reads [8]
Nn(x) =
[n
2
]∑
j=0
(−1)j(n+ 1− 2j)!
4jj!(n+ 1− j)! x
2j N
tw(3+2j)
n−2j (x), (3.1)
where the harmonic operators of definite twist are defined by (see also Ref. [32], Eq. 9.3.2(3))
N
tw(3+2j)
n−2j (x) =
[n−2j
2
]∑
k=0
(−1)k(n− 2j − k)!
4kk!(n− 2j)! x
2k

k
(

jNn(x)
)
, (3.2)
they satisfy
N
tw(3+2j)
n−2j (x) = 0.
Therefore, the polynomials of Eq. (3.2) span the space of homogeneous harmonic polynomials of degree n− 2j.
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After substituting Nn(x) =
∫
dq N(q)(xq)n into (3.2), and observing

k+j (xq)n =
n!
(n− 2k − 2j)! (q
2)k+j(xq)n−2k−2j ,
we can rewrite these harmonic operators in terms of Gegenbauer polynomials as follows:
N
tw(3+2j)
n−2j (x) =
n!
(n− 2j)!
∫
dq N(q) q2j
(
1
2
√
q2x2
)n−2j
C1n−2j
(
qx√
q2x2
)
. (3.3)
Here, the factorials in front of the integral are normalization coefficients and the q−integration introduces a superpo-
sition of the Fourier transforms N(q) times q2j with coefficients being (two-sided) harmonic polynomials,
h1n−2j(q|x) =
(1
2
√
q2x2
)n−2j
C1n−2j
(
qx/
√
q2x2
)
with x h
1
n−2j(q|x) = 0 = q h1n−2j(q|x). (3.4)
The resummation of the moments Nn(x) according to N(x,−x) =
∑∞
n=0(i
n/n!)Nn(x) is obtained by using the
well-known integral representation of Euler’s beta function,
B(n,m) =
Γ(n)Γ(m)
Γ(n+m)
=
∫ 1
0
dt tn−1(1− t)m−1. (3.5)
The (infinite) twist decomposition of the nonlocal scalar operator N(x,−x) into nonlocal harmonic operators
N tw(3+2j)(x,−x) of twist τ = 3 + 2j, j = 0, 1, 2, . . . , reads (remind that the summation over n for N tw(3+2j)n−2j starts
at n = 2j),
N(x,−x) = N tw3(x,−x) +
∞∑
j=1
(−1)jx2j
4jj!(j − 1)!
∫ 1
0
dt t (1− t)j−1N tw(3+2j)(tx,−tx), (3.6)
with
N tw(3+2j)(x,−x) = √π
∫
dq N(q) (−q2)j (1 + q∂q)
(√
(qx)2 − q2x2
)−1/2
J1/2
(
1
2
√
(qx)2 − q2x2
)
eiqx/2. (3.7)
Let us remark that, for notational simplicity, in Eq. (3.6) we wrote the nonlocal harmonic operators for j ≥ 1 without
including the integration over t which is due to the normalization of the local harmonic operators, cf. Eqs. (3.1) and
(3.3). The normalization of the nonlocal harmonic operators may be read off from the terms in front of the t−integral
in Eq. (3.6). Let us point also to the remarkable fact that the property of harmonicity is independent of j; this obtains
immediately from the fact that the following expressions are (two-sided) harmonic functions,
H1(q|x) =
√
π
(√
(qx)2 − q2x2
)−1/2
J1/2
(
1
2
√
(qx)2 − q2x2
)
eiqx/2 with xH1(q|x) = 0 = qH1(q|x). (3.8)
Furthermore, we observe that the factor (1 + q∂/∂q) in Eq. (3.7) may be changed into (1 + x∂/∂x) after which it can
be taken outside the q−integration and, in Eq. (3.6), could be changed into (1 + t∂/∂t); if desired, this could be used
for a partial integration.
The resulting expression (3.7) can be rewritten in a form which, in the case j = 0, has been already introduced by
[29,33]. Namely, using
z−n−1/2Jn+1/2(z) = (−1)n
√
2
π
(1
z
d
dz
)n(sin z
z
)
, (3.9)
we obtain
N tw(3+2j)(x,−x) =
∫
dq N(q) (−q2)j 2√
(qx)2 − q2x2 q∂q
(
sin
(
1
2
√
(qx)2 − q2x2) eiqx/2)
=
∫
dq N(q) (−q2)j 1
2
√
(qx)2 − q2x2
((
qx+
√
(qx)2 − q2x2) e(i/2)(qx+√(qx)2−q2x2)
− (qx−√(qx)2 − q2x2) e(i/2)(qx−√(qx)2−q2x2)). (3.10)
Analogous results may be obtained also in the more complicated cases which will be considered below.
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B. Scalar harmonic operators with external operations
Now, let us consider the case of O(x,−x) = xαOα(x,−x), where an additional power of x occurs through contraction
of the vector operator with xα. Therefore, the formulae (3.1) and (3.2) are to be written down for the scalar operator
On+1(x) =
∫
dq xµO
µ(q)(xq)n, i.e., by replacing n by n + 1 within these expressions for the decomposition into
harmonic operators of any twist τ = 2 + 2j. Then the decomposition of the scalar local operators On+1(x) reads:
On+1(x) =
[n+1
2
]∑
j=0
(−1)j(n+ 2− 2j)!
4jj!(n+ 2− j)! x
2j O
tw(2+2j)
n+1−2j (x), (3.11)
where the local harmonic operators of twist τ = 2 + 2j are given by
O
tw(2+2j)
n+1−2j (x) =
[n+1−2j
2
]∑
k=0
(−1)k(n+ 1− 2j − k)!
4kk!(n+ 1− 2j)! x
2k

k
(

jOn+1(x)
)
. (3.12)
After performing the differentiations k+jOn+1(x) we can rewrite these harmonic operators in terms of Gegenbauer
polynomials as follows:
O
tw(2+2j)
n+1−2j (x) =
n!
(n+ 1− 2j)!
∫
dq Oµ(q) q2j
{
xµ
(
1
2
√
q2x2
)n−2j
C2n−2j
(
qx√
q2x2
)
(3.13)
− 1
2
qµx
2
(
1
2
√
q2x2
)n−1−2j
C2n−1−2j
(
qx√
q2x2
)
+ 2j
qµ
q2
(
1
2
√
q2x2
)n+1−2j
C1n+1−2j
(
qx√
q2x2
)}
,
where the additional terms proportional to qµ occur because of the appearance of derivatives with respect to (xγ).
The change in the order of the Gegenbauer polynomials and, consequently, in the order of the Bessel functions and
the accompanying factors
√
(qx)2 − q2x2 occurring below, is also due to that fact. Of course, for j = 0 we re-obtain
the expression (2.28)
Resumming with respect to n (≥ 2j ± 1 or 2j, respectively) and, again, using the representation (3.5) of Euler’s
beta function we obtain the following (infinite) twist decomposition
O(x,−x) = Otw2(x,−x) +
∞∑
j=1
(−1)jx2j
4jj!(j − 1)!
∫ 1
0
dt t (1− t)j−1Otw(2+2j)(tx,−tx), (3.14)
with
Otw(2+2j)(x,−x) = √π
∫
dq Oµ(q) (−q2)j
{(
xµ(2 + q∂q)− 12 iqµx2
)
× (3 + q∂q)
(√
(qx)2 − q2x2
)−3/2
J3/2
(
1
2
√
(qx)2 − q2x2
)
− 2j iqµ
q2
(1 + q∂q)
(√
(qx)2 − q2x2
)−1/2
J1/2
(
1
2
√
(qx)2 − q2x2
)}
eiqx/2. (3.15)
Again, by convention, the resummed nonlocal harmonic operators Otw(2+2j)(tx,−tx) of twist τ = 2 + 2j, j =
0, 1, 2, · · · , are obtained by changing any x → tx. Also here analogous comments are in order as for the simpler
case of the operator N(x,−x). Harmonicity of the nonlocal operators (3.15), Otw(2+2j)(x,−x) = 0, holds by con-
struction and, again, it is independent of j; namely, it holds separately for the last, j–dependent term due to the
equality (3.8) and, therefore, must be fulfilled also for the combination of the first and second term. Obviously, for
j = 0 we recover the expression (2.30) .
Secondly, let us consider the scalar operatorM(x,−x) = xν∂µM[µν](x,−x) resulting from the skew tensor operator
M[µν](x,−x). This operator is governed by totally symmetric tensors since the skew tensors M[µν]n having symmetry
type [n + 1, 1] are composed with another skew tensor x[ν∂µ] having symmetry type [1, 1] and the Clebsch–Gordan
series of their direct product consists only of one symmetry type, [n].
The local operators are decomposed according to formulae (3.1) and (3.2). However, because of the special ‘external’
structure the resulting expressions simplify considerably. Namely, after performing the differentiations

k+j∂µσµνx
ν(xq)n =
(
n!/(n− 1− 2j)!)(qµσµνxν)q2j(q2)k(qx)n−1−2k−2j ,
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we arrive at the following harmonic operators in terms of Gegenbauer polynomials:
M
tw(3+2j)
n−2j (x) =
n!
(n− 1− 2j)!
∫
dqM[µν](q) q
µxν q2j
(
1
2
√
q2x2
)n−1−2j
C2n−1−2j
(
qx√
q2x2
)
. (3.16)
Now, resumming with respect to n (≥ 2j + 1) we finally get the infinite twist decomposition:
M(x,−x) =M tw3(x,−x) +
∞∑
j=1
(−1)jx2j
4jj!(j − 1)!
∫ 1
0
dt t (1− t)j−1M tw(3+2j)(tx,−tx), (3.17)
with
M tw(3+2j)(x,−x) = √π
∫
dqM[µν](q) (−q2)j iqµxν
× (2 + q∂q) (3 + q∂q)
(√
(qx)2 − q2x2
)−3/2
J3/2
(
1
2
√
(qx)2 − q2x2
)
eiqx/2. (3.18)
Again, harmonicity of the nonlocal operatorsM tw(3+2j)(x,−x) of twist τ = 3+2j, j = 0, 1, 2, · · · , is fulfilled without
taking care of j.
C. Harmonic vector and tensor operators related to totally symmetric local operators
The prescribed procedure may be used also for the twist decomposition of any totally symmetric (tensor) operator
with an arbitrary number of free tensor indices which, by construction, are obtained from the corresponding scalar
operators simply by applying appropriate derivatives with respect to x.
The simplest of these operators, whose tower of infinite twist part starts with τ = 2 and which contains the leading
contributions to virtual Compton scattering is the operator OSα(x,−x). Its symmetry type S is characterized by the
Young frames [n + 1], 1 ≤ n ≤ ∞ (cf. also Ref. [5] where we denoted that symmetry type by (i)). Its moments,
OSαn(x), are obtained from the local scalar operators (3.11) of degree n+1 by applying (1/(n+1))∂α. For the moment
leaving aside the factor (n+ 1)−1 we get
∂αOn+1(x) =
[n+1
2
]∑
j−1=0
(−1)j(n+ 2− 2j)!
4j(j − 1)!(n+ 2− j)! 2xα x
2(j−1) O
tw(2+2j)
n+1−2j (x) +
[n+1
2
]∑
j=0
(−1)j(n+ 2− 2j)!
4jj!(n+ 2− j)! x
2j
(
∂αO
tw(2+2j)
n+1−2j (x)
)
.
Using the representation (3.5) of the beta function both sums may be rewritten as
−1
2
xα
[n+1
2
]∑
j=0
(−1)j(n− 2j)!
4jj!(n+ 1− j)! x
2j O
tw(4+2j)
n−1−2j (x) = −12 xα
[n−1
2
]∑
j=0
(−1)j x2j
4j(j!)2
∫ 1
0
dt t (1− t)j Otw(4+2j)n−1−2j (tx),
[n+1
2
]∑
j=0
(−1)j(n+ 2− 2j)!
4jj!(n+ 2− j)! x
2j∂αO
tw(2+2j)
n+1−2j (x) = ∂αO
tw 2
n+1 (x) +
[n+1
2
]∑
j=1
(−1)j x2j
4jj!(j − 1)!
∫ 1
0
dt t (1− t)j−1
(
∂αO
tw(2+2j)
n+1−2j (tx)
)
,
respectively, where O
tw(4+2j)
n−1−2j (x) is given by Eq. (3.13) with j → j + 1. From this it becomes obvious that, beginning
with twist-4, one obtains two different contributions of the same twist, namely a vector and a scalar part.
Now, putting together these terms and resumming over n, thereby representing the normalizing coefficient 1/(n+1)
as
∫ 1
0 dλλ
n, we obtain
OSα(x,−x) = ∂α
∫ 1
0
dλ
λ
O(λx,−λx)
=
∫ 1
0
dλ
{(
∂αO
tw2
)
(λx,−λx) +
∞∑
j=1
(−1)jx2jλ2j
4jj!(j − 1)!
∫ 1
0
dt t (1− t)j−1 (∂αOtw(2+2j))(λtx,−λtx)
− 1
2
xα
∞∑
j=0
(−1)jx2jλ2j+1
4j(j!)2
∫ 1
0
dt t (1− t)j Otw(4+2j)(λtx,−λtx)
}
, (3.19)
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where Otw(4+2j)(x,−x) ≡ Otw(2+2(j+1))(x,−x) and Otw(2+2j)(x,−x) are given by Eq. (3.15). Both the integrals over
λ and t are due to normalizations and, therefore, it depends on the personal taste if they are to be included into
the definition of the harmonic operators of twist τ or if they are considered as part of the twist decomposition. It is
interesting to note that in Eq. (3.19) only the twist-2 vector and the twist-4 scalar operator survives on the light-cone.
All other higher twist operators for j ≥ 1 are cancelled due to the factor x2.
In the same manner we are able to define the twist decomposition of (completely symmetric) tensor operators which
result from the expression
OS(α1α2···αr)n(x) =
∂α1
(n+ 1)
· · · ∂αr
(n+ r)
[n+r
2
]∑
j=0
(−1)j(n+ 1 + r − 2j)!
4jj!(n+ 1 + r − j)! x
2j O
tw(2+2j)
n+r−2j (x) .
The general procedure is obvious from the consideration of the vector operator. Completely analogous to that case
with only one derivative we would obtain a finite number of different operators of a given twist τ .
However, in the case of operators having more complicated symmetry type, e.g., being characterized by the symmetry
type [n+ 1, 1], which are necessary for the consideration, e.g., of skew symmetric tensor operators like M[αβ](x,−x),
a theory which generalizes the formalism of Ref. [8] is not available up to now. There exist only results for the lowest
values of τ which, however, are sufficient for the consideration of the physically relevant cases. They will be considered
in the next chapter.
IV. HARMONIC QUARK-ANTIQUARK OPERATORS OF GEOMETRIC TWIST 2 AND 3
In this section we determine the harmonic quark-antiquark operators up to twist τ = 2 and 3 which are relevant for
the generalization of the parton distributions of definite (geometric) twist [9] to the double distributions appearing in
the parametrization in the non-forward matrix elements of the corresponding non-local operators off the light-cone.
Unfortunately, in the case of non-trivial Young frames where, up to now, no general group theoretical study being
comparable with that of Ref. [8]. However, harmonic twist operators which are sufficient for the physically relevant
off-cone operators have been obtained in Refs. [5,6]. They allow for the consideration of the vector and skew tensor
operators up to twist 3. According to the procedure of Sect. II.C we start with their moments, i.e., the local off-cone
harmonic operators of definite twist. These (pseudo) scalar, (axial) vector and skew tensor operators have been already
determined (implicitly) in Ref. [5], Appendix B. They are obtained by applying onto the harmonic tensor operators
– which ensure tracelessness – the appropriate differential operators which take care of the required symmetry types.
A. Local harmonic operators: Series representation
To begin with we introduce the local harmonic operators of geometric twist-2 and twist-3 for both the chiral-even
(axial) vector operators,
Oαn(x) = ψ¯(0)γα(x
↔
D)nψ(0), (4.1)
O5αn(x) = ψ¯(0)γαγ5(x
↔
D)nψ(0), (4.2)
and the chiral-odd scalar and skew tensor operators,
Nn(x) = ψ¯(0)(x
↔
D)nψ(0), (4.3)
M[αβ]n(x) = ψ¯(0)σαβ(x
↔
D)nψ(0), (4.4)
together with their related scalar and vector operators
On+1(x) = x
αOαn(x), Mµn+1(x) = x
νM[µν]n(x), Mn(x) = ∂
µMµn+1(x). (4.5)
First we consider the vector operators Oαn(x) which allow for two different symmetry types [5,6]. The irreducible
vector operators Otw2αn (x) of Lorentz type (
n+1
2 ,
n+1
2 ) have symmetry types [n + 1] and can be taken over from the
previous section. On the other hand, the twist-3 vector operators transform according to (n+12 ,
n−1
2 ) ⊕ (n−12 , n+12 )
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and have symmetry types [n, 1]. They may be summed up to the lowest term of another infinite tower of non-local
operators of twist τ = 3, 4, . . . . The conditions of tracelessness for harmonic vector operators are as follows:
Otw ταn (x) = 0, ∂
αOtw ταn (x) = 0 for τ = 2, 3. (4.6)
For the sake of completeness and in order to introduce a new constructive element let us reconsider the twist-2
vector operator. It is obtained from the scalar twist-2 operator, cf. Eq. (3.11),
Otw2n+1(x) =
[n+1
2
]∑
k=0
(−1)k(n+ 1− k)!
4kk!(n+ 1)!
x2k kOn+1(x).
by means of a partial differentiation, ∂α, together with the normalization factor 1/(n+ 1) as follows:
Otw2αn (x) =
1
n+ 1
∂αO
tw2
n+1(x)
=
1
n+ 1
[n
2
]∑
k=0
(−1)k(n− k)!
4kk!(n+ 1)!
x2k Dα(k)kOn+1(x). (4.7)
Here, we introduced the operation
Dα(k) = (k + 1 + x∂)∂α − 12 xα (4.8)
which is a generalization of the inner derivative (for the latter, cf. Ref. [9] and, more detailed, Refs. [8,30]) off the
light-cone and its extension to arbitrary values of k ≥ 0. (A similar derivative in momentum space already has been
introduced in Ref. [13].) As a side remark we mention that with the help of this generalized derivative also symmetric
tensor operators of rank 2 and higher can easily be constructed.
The twist-3 vector operator which satisfies the conditions (4.6) is, with the convention A[µν] ≡ 12 (Aµν −Aνµ),
Otw3αn (x) =
2
n+ 1
xβ
{
δµ[α∂β] −
1
n+ 1
x[α∂β]∂
µ
} [n
2
]∑
k=0
(−1)k(n− k)!
4kk!n!
x2k kOµn(x),
=
2
n+ 1
[n−1
2
]∑
k=0
(−1)k(n− 1− k)!
4kk!n!
x2kxβ
{
δµ[αDβ](k)−
1
n+ 1
x[α∂β]Dµ(k)
}

kOµn(x). (4.9)
The twist-4 vector operators having symmetry type [n + 1] can be read off from the general result of Sec. III.C.
However, there occur also twist-4 vector operators having symmetry type [n, 1] which have been determined on the
light-cone only [5,6].
The scalar twist-3 operator is of Lorentz type (n2 ,
n
2 ) and also has been considered in Sec. III; it reads
N tw3n (x) =
[n
2
]∑
k=0
(−1)k(n− k)!
4kk!n!
x2kkNn(x). (4.10)
Now, let us give the decomposition of the skew tensor operator M[αβ]n(x) into its twist-2 and twist-3 parts. This
determination is simplified by the observation that these operators are related to the vector operator Mµn+1(x) =
xνM[µν]n(x) and the scalar twist-3 operator Mn(x) = ∂
µMµn+1(x), respectively. The twist-2 tensor operator
M tw2[αβ]n(x) transforms according to (
n+2
2 ,
n
2 ) ⊕ (n2 , n+22 ), whereas the twist-3 operator which is obtained from the
trace terms of M tw2[αβ]n(x) is of Lorentz type (
n
2 ,
n
2 ). They have symmetry types [n+1, 1] and [n], respectively, and are
given by
M tw2[αβ]n(x) =
2
n+ 2
{
δµ[α∂β] −
1
n+ 2
x[α∂β]∂
µ
} [n+1
2
]∑
k=0
(−1)k(n+ 1− k)!
4kk!(n+ 1)!
x2k kMµn+1(x)
=
2
n+ 2
[n
2
]∑
k=0
(−1)k(n− k)!
4kk!(n+ 1)!
x2k
{
δµ[αDβ](k)−
1
n+ 2
x[α∂β]Dµ(k)
}

kMµn+1(x), (4.11)
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and
M tw3[αβ]n(x) =
2
(n+ 2)
x[αM̂
tw3
β]n−1(x), (4.12)
with
M̂ tw3βn−1(x) =
1
n
∂β
[n
2
]∑
k=0
(−1)k(n− k)!
4kk!n!
x2kkMn(x)
=
1
n
[n−1
2
]∑
k=0
(−1)k(n− 1− k)!
4kk!n!
x2k Dβ(k)kMn(x) (4.13)
Besides the twist-3 operator (4.12) resulting from the trace terms of the twist-2 operator (4.11) there exists also a
genuine twist-3 operator having Lorentz type
(
n
2 ,
n
2
)
and being governed by the symmetry type [n, 1, 1]. It is given
by the following expression (with the convention Aαβγ ≡ 13 (Aα[βγ] +Aβ[γα] +Aγ[αβ])):
M˜ tw3[αβ]n(x) =
3
n+ 2
xγ
{
δµ[αδ
ν
β∂γ] −
2
n
δµ[αxβ∂γ]∂
ν
} [n
2
]∑
k=0
(−1)k(n− k)!
4kk!n!
x2k kM[µν]n(x)
=
3
n+ 2
[n
2
]∑
k=0
(−1)k(n− 1− k)!
4kk!n!
x2k xγ
{
δµ[αδ
ν
βDγ](k)−
2
n
δµ[αxβ∂γ]Dν(k)
}

kM[µν]n(x). (4.14)
By construction, Eqs. (4.11), (4.13) and (4.14) are (traceless) harmonic polynomials obeying
M tw τ[αβ]n(x) = 0, ∂
αM tw τ[αβ]n(x) = 0 = ∂
βM tw τ[αβ]n(x), τ = 2, 3˜, (4.15)
and
M̂ tw3αn−1(x) = 0, ∂
αM̂ tw3αn−1(x) = 0. (4.16)
Let us point to the structural similarities of the operators (4.7) and (4.13) on the one hand and (4.9) and (4.11)
on the other hand. – Furthermore, we observe that when organizing the various expressions such that everywhere
the partial derivatives appear to the right of the kth power of x2 the differential operations ensuring the symmetry
type are transformed according to ∂α → Dα(k) whereas the generalized (first order) inner derivative x[α∂β] remains
unchanged because it commutes with x2. This might be used as a hint how to extend harmonically the operators
when they are given on the light-cone in terms of inner derivatives dα ≡ D˜β(0) and x˜[α∂˜β]. Namely, a short look
on our results, Eqs. (4.7), (4.9), (4.10), (4.11), (4.12) and (4.14), shows that the expressions on-cone are obtained
by restricting the sums to those terms with k = 0 and replacing x → x˜, ∂α → ∂/∂x˜α. Let us mention that this is
nothing else but another form of the harmonic extension which is well-known in group theory [8,30,31].
In the case of symmetric traceless tensors the harmonic extension is uniquely defined and proved in Ref [8]. In all
the other cases it can be used heuristically according to the above observation. This harmonic extension gives an
one-to-one relation between homogeneous polynomials on the light-cone and the corresponding harmonic polynomials
off-cone. It is important to note that the unique harmonic extension must not destroy the type of the Lorentz
representation.
According to Eqs. (4.7), (4.9), (4.10), (4.11), (4.12) and (4.14) we may introduce the orthogonal projection operators
onto the subspaces with definite spin and, therefore, with definite geometric twist τ = 2, 3 as follows:
O
(τ)
(5)αn(x) = P(τ)µαn O(5)µn(x), (4.17)
N (τ)n (x) = P(τ)n Nn(x), (4.18)
M
(τ)
[αβ]n(x) = P
(τ) [µν]
[αβ]n M[µν]n(x). (4.19)
The corresponding twist projectors onto the light-cone are discussed in more detail in Ref. [9].
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B. Resummed harmonic operators with twist τ = 2, 3
In this subsection we rewrite the harmonic operators of definite twist τ = 2, 3 which have been given in Subsect. A
in terms of Gegenbauer polynomials analogous to the presentation in Sect. II for the scalar harmonic operators. In
a second step we resum the infinite series (for n) of Gegenbauer polynomials to the related Bessel functions thereby
obtaining nonlocal harmonic operators of (the same) definite twist.
For notational simplicity we introduce the following abbreviations for the homogeneous polynomials and their
related functions:
hνn(q|x) =
(
1
2
√
q2x2
)n
Cνn
(
qx√
q2x2
)
, (4.20)
Hν(q|x) =
√
π
(√
(qx)2 − q2x2
)1/2−ν
Jν−1/2
(
1
2
√
(qx)2 − q2x2
)
eiqx/2. (4.21)
Using the following functional relations of the Gegenbauer and Bessel functions [27],
mCνm(z) = 2ν
(
zCν+1m−1(z)− Cν+1m−2(z)
)
,
d
dz
(
z−λJλ(z)
)
= −z−λJλ+1(z),
z
d
dz
Jλ(z) = −λJλ(z) + zJλ−1(z),
respectively, one obtains the following results for the partial derivations of these functions:
∂αh
ν
n(q|x) = ν
(
qαh
ν+1
n−1(q|x)− 12q2xαhν+1n−2(q|x)
)
, (4.22)
∂αHν(q|x) =
(
iqα(2ν + 1 + x∂)− 1
2
(iq)2xα
)
Hν+1(q|x). (4.23)
The local twist-2 vector operator is obtained through derivation with respect to xα of the local twist-2 scalar
operator as follows, cf., Eq. (4.7),
Otw2αn (x) =
1
(n+ 1)2
∂α
∫
d4q
(
ψ¯γµψ
)
(q)
{
xµ h2n(q|x)− 12 qµx2 h2n−1(q|x)
}
=
1
(n+ 1)2
∫
d4q
(
ψ¯γµψ
)
(q)
{
δµα h
2
n(q|x) − qµxα h2n−1(q|x) (4.24)
+ 2xµqα h
3
n−1(q|x) −
(
xµxαq
2 + qµqαx
2
)
h3n−2(q|x) + 12 qµxαx2q2 h3n−3(q|x)
}
,
and the corresponding resummed nonlocal twist-2 vector operator reads
Otw2α (x,−x) = ∂α
∫ 1
0
dt
∫
d4q
(
ψ¯γµψ
)
(q)
{
xµ (2 + q∂q)− 12 i tqµ x2
}
(3 + q∂q) H2(q|tx)
=
∫
d4q
(
ψ¯γµψ
)
(q) (2 + q∂q)
∫ 1
0
dt
{[
(3 + q∂q) δ
µ
α − itqµxα
]
H2(q|tx) (4.25)
+
[
(3 + q∂q)
(
(4 + q∂q) itqαx
µ − 1
2
(it)2
(
q2xµxα + x
2qµqα
))
+ 1
4
(it)3qµq2xαx
2
]
H3(q|tx)
}
.
Here, the equality 1/(n+ 1) =
∫ 1
0
dt tn has been used; analogous equalities will be used in the following.
The resummed local twist-3 vector operator reads, cf., Eq. (4.9):
Otw3αn (x) =
2
n+ 1
xβ
{
δµ[α∂β] −
1
n+ 1
x[α∂β]∂
µ
}∫
d4q
(
ψ¯γµψ
)
(q)h1n(q|x)
=
1
(n+ 1)2
∫
d4q
(
ψ¯γµψ
)
(q)xβ
{
2(n+ 1)δµ[αqβ] h
2
n−1(q|x) + (n+ 2)x[αδµβ]q2 h2n−2(q|x) (4.26)
− 4x[αqβ]qµ h3n−2(q|x) + 2x[αqβ]xµq2 h3n−3(q|x)
}
,
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and the bilocal twist-3 vector operator is given by
Otw3α (x,−x) = 2
∫
d4q
(
ψ¯γµψ
)
(q)
∫ 1
0
dt xβ
{
δµ[α∂β] (1 + q∂q)− x[α∂β]∂µ
}
H1(q|tx)
=
∫
d4q
(
ψ¯γµψ
)
(q)
∫ 1
0
dt (2 + q∂q) x
β
{[
2 it δµ[αqβ](2 + q∂q) − (it)2δµ[αxβ]q2
]
H2(q|tx) (4.27)
− it x[αqβ]
[
2 it qµ (5 + q∂q)− (it)2xµq2
]
H3(q|tx)
}
.
Let us remark that in the expression (4.27) by partial integration the term containing (1 + t∂t) contributes only
through its surface terms for t = 1. Remind also that according to the special structure of Hν(q|tx) ≡ Hν(tq|x) in
Eqs. (4.25) and (4.27) the homogeneous derivation q∂q may be replaced by either x∂x or t∂t. Analogous observations
could be made below; however, there the x−derivatives in the local as well as the nonlocal case will not be taken
explicitly.
The local twist-3 chiral-odd scalar operator will be given only for completeness, cf., Eq. (3.3):
N tw3n (x) =
∫
d4q
(
ψ¯ψ
)
(q)h1n(q|x), (4.28)
and for the corresponding bilocal one, one gets
N tw3(x,−x) =
∫
d4q
(
ψ¯ψ
)
(q) (1 + q∂q) H1(q|x). (4.29)
The local resummed twist-2 chiral-odd skew tensor operator is given by, cf., Eq. (4.11),
M tw2[αβ]n(x) =
2
n+ 2
{
δµ[α∂β] −
1
n+ 2
x[α∂β]∂
µ
}∫
d4q
(
ψ¯σµνψ
)
(q)
{
xν h2n(q|x) − 12 qν x2 h2n−1(q|x)
}
, (4.30)
and the related bilocal twist-2 skew tensor operator reads
M tw2[αβ](x,−x) = 2
∫
d4q
(
ψ¯σµνψ
)
(q)
∫ 1
0
dt t (1 + q∂q)
{
(2 + q∂q) δ
µ
[α∂β] − x[α∂β]∂µ
}[
xν (3 + q∂q)− 12 i tqνx2
]
H2(q|tx).
(4.31)
For the related, resummed local twist-3 skew tensor operator resulting from the trace terms we obtain
M tw3[αβ]n(x) =
2
n(n+ 2)
x[α∂β]
∫
d4q
(
ψ¯σµνψ
)
(q) qµxν h2n−1(q|x), (4.32)
leading to the following twist-3 bilocal skew tensor
M tw3[αβ](x,−x) = 2x[α∂β]
∫
d4q
(
ψ¯σµνψ
)
(q) i qµxν(2 + q∂q)
∫ 1
0
dtH2(q|tx). (4.33)
In addition, the independent twist-3 skew tensor having symmetry type [n, 1, 1] has the following local form:
M˜ tw3[αβ]n(x) =
3
n+ 2
xγ
{
δµ[αδ
ν
β∂γ] −
2
n
δµ[αxβ∂γ]∂
ν
}∫
d4q
(
ψ¯σµνψ
)
(q)h1n(q|x) (4.34)
leading to the following expression for the twist-3 bilocal skew tensor,
M˜ tw3[αβ](x,−x) = 3xγ
{
δµ[αδ
ν
β∂γ]x∂ − 2 δµ[αxβ∂γ]∂ν
}∫
d4q
(
ψ¯σµνψ
)
(q) (1 + q∂q)
∫ 1
0
dt
1− t2
2t
H1(q|tx). (4.35)
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V. POWER CORRECTIONS OF NON-FORWARD MATRIX ELEMENTS
A. Double distributions from quark–antiquark operators with definite twist τ
According to the different approaches exemplified in Subsect. II.B and II.C in order to obtain the non-forward
matrix elements for the quark–antiquark operators with definite twist τ we have only to take matrix elements of the
expressions given in the last Subsect. IV.B and to use formula (2.11) of Subsect. II.A. Let us emphasize that the spin-
dependence of the hadronic states |Pi, Si〉, i = 1, 2, is completely contained in the independent kinematical structures
KaΓ(P) being relevant for the processes under consideration, e.g., the Dirac and the Pauli structure u¯(P2, S2)γµu(P1, S1)
and u¯(P2, S2)σµνP
ν
−u(P1, S1)/M , respectively, in case of the virtual Compton scattering (see, e.g., [25]).
Let us now give the final expressions for matrix elements of those nonlocal operators which are relevant for the
power corrections of the various processes. The corresponding expressions for the local operators are easily obtained
by taking moments.
For the non-forward matrix element of the nonlocal twist-2 and twist-3 vector operator, Eqs. (4.25) and (4.27),
obeying the replacement (2.11), one gets
〈P2, S2|Otw2α (κx,−κx)|P1, S1〉 = Kaµ(P)
∫
DZF (2)a (Z) ∂α
∫ 1
0
dt
{
xµ (2 + x∂)− 1
2
iκt (PµZ)x2
}
(3 + x∂) H2(PZ|κtx)
= Kaµ(P)
∫
DZF (2)a (Z)
∫ 1
0
dt (2 + x∂)
{[
(3 + x∂) δµα − iκt (PµZ)xα
]
H2(PZ|κtx)
+
[
(3 + x∂)
(
(4 + x∂) iκt (PαZ)x
µ − 1
2
(iκt)2
(
(PZ)2xµxα + (P
µ
Z)(PαZ)x
2
))
+ 1
4
(iκt)3 (PµZ)(PZ)2xαx
2
]
H3(PZ|κtx)
}
, (5.1)
and
〈P2, S2|Otw3α (κx,−κx)|P1, S1〉 = 2Kaµ(P)
∫
DZF (3)a (Z)
∫ 1
0
dt xβ
{
δµ[α∂β] (1 + x∂)− x[α∂β]∂µ
}
H1(PZ|κtx)
= Kaµ(P)
∫
DZF (3)a (Z) (2 + x∂)
∫ 1
0
dt xβ
{[
2 iκt δµ[α(Pβ]Z)(2 + x∂)− (iκt)2δµ[αxβ](PZ)2
]
H2(PZ|κtx)
− iκt x[α(Pβ]Z)
[
2iκt (PµZ) (5 + x∂)− (iκt)2xµ(PZ)2
]
H3(PZ|κtx)
}
. (5.2)
In the case of the axial vector operators Oτ5α(κx,−κx) the kinematical structures K5µ(P) contain an additional γ5
and the double distributions should be denoted by G
(τ)
a (Z) but otherwise the structure will be exactly the same.
The non-forward matrix elements of the nonlocal twist-3 chiral-odd scalar operator, Eq. (4.29), reads:
〈P2,S2|N tw3(κx,−κx)|P1, S1〉 = Ka(P)
∫
DZE(3)a (Z) (1 + x∂) H1(PZ|κx). (5.3)
The non-forward matrix elements nonlocal twist-2 chiral-odd skew tensor operator and of the related twist-3 oper-
ator, Eqs. (4.31) and (4.33), are given by
〈P2, S2|M tw2[αβ](κx,−κx)|P1, S1〉 = 2Ka[µν](P)
∫
DZH(2)a (Z)
∫ 1
0
dt t (1 + x∂)
{
(2 + x∂)δµ[α∂β] − x[α∂β]∂µ
}
×
[
xν (3 + x∂)− 1
2
iκt (PνZ)x2
]
H2(PZ|κtx), (5.4)
and
〈P2, S2|M tw3[αβ](κx,−κx)|P1, S1〉 = 2Ka[µν](P)
∫
DZH(3)a (Z)x[α∂β] iκ (P
µ
Z)xν(2 + x∂)
∫ 1
0
dtH2(PZ|κtx). (5.5)
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Finally, the non-forward matrix element of the independent nonlocal twist-3 skew tensor, Eq. (4.35), reads:
〈P2, S2|M˜ tw3[αβ](κx,−κx)|P1, S1〉 = 3K˜a[µν](P)
∫
DZ H˜(3)a (Z)x
γ
{
δµ[αδ
ν
β∂γ]x∂ − 2 δµ[αxβ∂γ]∂ν
}
× (1 + x∂)
∫ 1
0
dt
1−t2
2t
H1(PZ|κtx). (5.6)
The matrix elements of the scalar and vector operators are obtained by multiplying the above expressions by xα (of
course, for the operatorM tw3b[αβ] (κx,−κx) no vector operator exists because of its symmetry type). For completeness let
us also give the power corrections of the double distributions of higher twist in the scalar cases. Using the expressions
(3.15), (3.7) and (3.18) we obtain
〈P2, S2|Otw(2+2j)(κx,−κx)|P1, S1〉 = Kaµ(P)
∫
DZF (2+2j)a (Z) (iPZ)
2j (5.7)
×
{[
xµ (2 + x∂)− 1
2
iκ (PµZ)x2
]
(3 + x∂) H2(PZ|κx)− 2j iPµZ
(PZ)2
(1 + x∂)H1(PZ|κx)
}
,
〈P2, S2|N tw(3+2j)(κx,−κx)|P1, S1〉 = Ka(P)
∫
DZE(3+2j)a (Z) (iPZ)
2j (1 + x∂)H1(PZ|κx) (5.8)
and
〈P2, S2|M tw(3+2j)(κx,−κx)|P1, S1〉 = Ka[µν](P)
∫
DZH(3+2j)a (Z) iP
µ
Zxν(iPZ)2j (2 + x∂) (3 + x∂) H2(PZ|κx), (5.9)
respectively. Let us remind that, eventually, the t-integration which appeared, e.g., in Eq. (3.6) should be included
into the definition of the operators of definite twist and, therefore, it could appear also here.
Now, a couple of remarks are in order. First, as indicated, different tensorial structures of the operators lead to
different kinematical structures. In the forward case they simplify or eventually disappear, e.g., the Dirac structures
are to be replaced by Pµ and Sµ for the vector and axial vector case, respectively, whereas the Pauli structures
vanish. Second, going on-cone the double distributions remain the same. Therefore, their evolution is determined
by the anomalous dimensions resulting from the renormalization group equation of the corresponding light-ray op-
erators. Third, taking the forward limit on the light-cone the double distributions are projected onto the quark
distribution functions determined in Ref. [9]. In this connection we emphasize that these distribution functions are
uniquely determined by the geometric twist which differs from the dynamic twist being used for phenomenological
considerations.
Furthermore, we have to mention that – contrary to the case when the non-forward matrix elements are restricted
to the light-cone where the decomposition of the non-local quark-antiquark operators into operators of definite twist
terminates at finite values τmax – the off-cone decomposition results in an infinite series of any twist. Therefore, the
decomposition of the double distributions related to the undecomposed operators, fa(Z,PiPj, x
2, µ2), results also in
an infinite series. This becomes obvious especially in the scalar cases considered in Sec. III.
The double distributions occur in the scattering amplitudes of various physical processes, like virtual Compton
scattering in the generalized Bjorken region. There, after multiplication with appropriate coefficient functions CΓ(x)
a Fourier transformation with respect to x has to performed relating x to the (inverse) momentum transfer 1/Q of
the process. Thereby, the variables (xPZ) and x2(PZ)2 are changed into (QPZ)/Q2 and (PZ)2/Q2. The Fourier
transformation will be simplified when the Poisson integral is used for the Bessel functions. This will be considered
in more detail in another paper.
Another application of our general procedure is the consideration of the meson distribution functions which does
not require such an additional Fourier transformation.
B. Mass corrections of vector meson distributions
Based on bilocal light-cone operators of definite twist-2, 3 and 4 the distribution amplitudes (DAs) of the ρ-meson
have been already studied in Refs. [10,11]. The relationship between the DAs of geometric and dynamical twist has
also been discussed (see, also, Ref. [34]). These considerations can be extended to the other vector mesons by trivial
substitutions. It is an advantage of this approach that operators of well-defined twist are used and, therefore, it is not
necessary to use operator relations, like dynamical Wandzura-Wilczek relations, in order to isolate contributions of
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twist-3 and 4. The difference, in the non-forward case, between geometric and dynamical Wandzura-Wilczek relations
was pointed out in Refs. [11,34].
In this Subsection we extend that analysis of the ρ-meson DAs to include all meson momentum resp. mass terms of
harmonic twist-2 and twist-3 off-cone operators in order to get the power corrections to the results obtained earlier.
Vector meson mass corrections of order x2 were already discussed by Ball and Braun [35] and resummed meson mass
corrections in the scalar case was given by Ball [33] (see also Ref. [29]).
The structure of the mass corrections of ρ-meson DAs of geometric twist are, from the group theoretical point of
view, similar to the target mass corrections in deep inelastic scattering, which can be resummed using Nachtmann’s
method [12]. Also here, the basic tool, in order to obtain the mass corrections, are the harmonic operators of
definite geometric twist which have been determined in Sec. IV. Obviously, they are the harmonic extensions of the
corresponding light-cone operators which already are used in Refs. [10,11] for the classification of the corresponding
meson light cone DAs with respect to geometric twist.
Let us now introduce the distribution functions for the harmonic operators of geometric twist sandwiched between
the vacuum and the meson state, 〈0|O(τ)Γ (x,−x)|ρ(P, λ)〉. Thereby, we adopt the definitions of Chernyak and Zhit-
nitsky [36] in the terminology of Ref. [37]. As usual, these matrix elements are related to the momentum Pα and
polarization vector e
(λ)
α of the meson with helicity λ, P 2 = m2, e(λ) · e(λ) = −1, P · e(λ) = 0, m denotes the meson
mass.
First, we consider the chiral-even vector operator. Using the twist projections we introduce the moments of the
meson DAs, Φ
(τ)
n , of twist τ according to
〈0|O(τ)αn (x)|ρ(P, λ)〉 = fρmP(τ)βαn
(
e
(λ)
β (Px)
nΦ(τ)n
)
, (5.10)
where fρ is the vector meson decay constant. The corresponding meson distribution amplitudes Φˆ
(τ)(ξ) are given by
inverting the moment integral,
Φ(τ)n =
∫ 1
−1
dξ ξnΦˆ(τ)(ξ), ξ = u− (1− u) = 2u− 1. (5.11)
These distribution amplitudes are dimensionsless functions of ξ and describe the probability amplitudes to find the
ρ-meson in a state with minimal number of constituents (quark and antiquark) which carry the momentum fractions
u (quark) and (1− u) (antiquark).
Taking into account expression (4.24) we obtain the local twist-2 matrix element as follows:
〈0|Otw2αn (x)|ρ(P, λ)〉 =
1
(n+ 1)2
fρmΦ
(2)
n
{
e(λ)α h
2
n(P |x) + 2Pα(e(λ)x)h3n−1(P |x) −m2xα(e(λ)x)h3n−2(P |x)
}
, (5.12)
which is analogous to Wandzura’s expression [14] for the target mass corrections in deep inelastic scattering in the
x-space. After resummation we get the bilocal matrix element of geometric twist-2:
〈0|Otw2α (x, − x)|ρ(P, λ)〉 = fρm
∫ 1
0
dt
∫ 1
−1
dξ Φˆ(2)(ξ) (3 + ξ∂ξ) (2 + ξ∂ξ)
×
{
e(λ)α H2(Pξ|tx) +
(
(4 + ξ∂ξ) (iξt)Pα − 1
2
(iξt)2m2xα
)
(e(λ)x)H3(Pξ|tx)
}
. (5.13)
An analogous calculation using expression (4.26) gives the local twist-3 matrix element
〈0|Otw3αn (x)|ρ(P, λ)〉 =
1
(n+ 1)2
fρmΦ
(3)
n x
β
{
2(n+ 1) e
(λ)
[α Pβ]h
2
n−1(P |x) + (n+ 2)m2x[αe(λ)β] h2n−2(P |x)
+ 2m2x[αPβ](e
(λ)x)h3n−3(P |x)
}
; (5.14)
the resummed bilocal matrix element of twist-3 reads
〈0|Otw3α (x, − x)|ρ(P, λ)〉 = fρm
∫ 1
−1
dξ Φˆ(3)(ξ) (2 + ξ∂ξ)x
β
{
2(iξ)e
(λ)
[α Pβ]H2(Pξ|x)
+m2
∫ 1
0
dt
(
(iξt)2x[αe
(λ)
β] H2(Pξ|tx) + (iξt)3x[αPβ](e(λ)x)H3(Pξ|tx)
)}
. (5.15)
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It is well-known that the twist-3 operator Otw3α (x,−x) is related to other twist-3 operators containing total derivatives
and operators of Shuryak-Vainshtein type by means of QCD equations of motion [26,35]. Therefore, the matrix
elements (5.14) and (5.15) include the contribution of the twist-3 operator containing total derivatives which is as
large as those from twist-2 (see also [34]). In addition the next higher twist contributions of the chiral-even vector
operator are of twist-4.
Now we consider the chiral-even axial vector operator O5αn(x) with the same twist projectors as for the chiral-even
vector operator Oαn(x). We define the corresponding moments of the meson DAs Ξ
(τ)
n by
〈0|O(τ)5αn(x)|ρ(P, λ)〉 =
1
2
(
fρ − fTρ
mu +md
m
)
mP(τ)βαn
(
ǫ γµνβ e
(λ)
γ Pµxν(Px)
nΞ(τ)n
)
, (5.16)
where fTρ denotes the tensor decay constant. First, we observe that the twist-2 contribution vanishes. The nontrivial
local vacuum-to-meson matrix elements of this axial vector operator are of twist-3:
〈0|Otw35αn(x)|ρ(P, λ)〉 =
1
2
(
fρ − fTρ
mu +md
m
)
mǫ βµνα e
(λ)
β Pµxν Ξ
(3)
n h
1
n(P |x), (5.17)
and the bilocal matrix element of twist-3 reads
〈0|Otw35α (x,−x)|ρ(P, λ)〉 =
1
2
(
fρ − fTρ
mu +md
m
)
mǫ βµνα e
(λ)
β Pµxν
∫ 1
−1
dξ Ξˆ(3)(ξ) (1 + ξ∂ξ)H1(Pξ|x). (5.18)
By the way the twist-4 matrix element also vanishes and the next higher twist contribution would be of twist-5.
Also here, the matrix elements (5.17) and (5.18) include the contribution of the twist-3 operator containing total
derivatives.
The matrix element of the chiral-odd scalar operator is defined as
〈0|N tw3n (x)|ρ(P, λ)〉 = −i
(
fTρ − fρ
mu +md
m
)
m2P(3)n
((
e(λ)x
)
(Px)nΥ(3)n
)
, (5.19)
where Υ
(3)
n is the moment of a spin-independent twist-3 distribution function. Using expression (4.28) the local matrix
element is given as
〈0|N tw3n (x)|ρ(P, λ)〉 = −i
(
fTρ − fρ
mu +md
m
)(
e(λ)x
)
m2Υ(3)n h
1
n(P |x), (5.20)
and for the bilocal matrix element of twist-3 we obtain
〈0|N tw3(x,−x)|ρ(P, λ)〉 = −i
(
fTρ − fρ
mu +md
m
)(
e(λ)x
)
m2
∫ 1
−1
dξ Υˆ(3)(ξ) (1 + ξ∂ξ)H1(Pξ|x). (5.21)
The next higher twist contributions of the scalar chiral-odd operator are of order twist-5.
Now, we consider the matrix elements of the chiral-odd skew tensor operators. The corresponding moments of the
wave function are introduced by
〈0|M (τ)[αβ]n(x)|ρ(P, λ)〉 = ifTρ P
(τ)µν
[αβ]n
((
e(λ)µ Pν − e(λ)ν Pµ
)
(Px)nΨ(τ)n
)
. (5.22)
The local matrix element of the skew tensor operator of twist-2, performing the differentiations in the expression
(4.30), is given by
〈0|M tw2[αβ]n(x)|ρ(P, λ)〉 = ifTρ Ψ(2)n
{
2
n+ 1
e
(λ)
[α Pβ]h
2
n(P |x) +
n+ 3
(n+ 2)2
m2x[αe
(λ)
β] h
2
n−1(P |x)
+
m2
(n+ 2)2(n+ 1)
{
4x[αe
(λ)
β] h
3
n−1(P |x)−
(
2x[αe
(λ)
β] (Px) + 4x[αPβ](e
(λ)x)
)
h3n−2(P |x)
+ 12x[αPβ](e
(λ)x)h4n−2(P |x)− 6x[αPβ](e(λ)x)(Px)h4n−3(P |x)
}}
, (5.23)
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and the resummed bilocal matrix element of twist-2 reads
〈0|M tw2[αβ](x,−x)|ρ(P, λ)〉 = i fTρ
∫ 1
−1
dξ Ψˆ(2)(ξ) (3 + ξ∂ξ)
{
2 (2 + ξ∂ξ) e
(λ)
[α Pβ]H2(Pξ|x)
+m2
∫ 1
0
dt t
[
(1 + ξ∂ξ) (iξt)x[αe
(λ)
β] H2(Pξ|tx)
+
(
2 (4 + ξ∂ξ) (iξt)x[αe
(λ)
β] − (iξt)2
(
x[αe
(λ)
β] (Px) + 2x[αPβ](e
(λ)x)
))H3(Pξ|tx)
+
(
2 (5 + ξ∂ξ) (4 + ξ∂ξ) (iξt)
2x[αPβ](e
(λ)x)− (4 + ξ∂ξ) (iξt)3x[αPβ](e(λ)x)(Px)
)
H4(Pξ|tx)
]}
. (5.24)
The local matrix element of the skew tensor operator of twist-3 is obtained from (4.32) as follows:
〈0|M tw3[αβ]n(x)|ρ(P, λ)〉 = −
2
(n+ 2)n
ifTρ Ψ
(3)
n m
2
{
x[αe
(λ)
β] h
2
n−1(P |x) + 2x[αPβ](e(λ)x)h3n−2(P |x)
}
, (5.25)
and the corresponding bilocal matrix element reads
〈0|M tw3[αβ](x,−x)|ρ(P, λ)〉 = −2ifTρ m2
∫ 1
0
dt
t
∫ 1
−1
dξ Ψˆ(3)(ξ) (1 + ξ∂ξ)
×
{
(iξt)x[αe
(λ)
β] H2(Pξ|tx) + (3 + ξ∂ξ) (iξt)2x[αPβ](e(λ)x)H3(Pξ|tx)
}
. (5.26)
The next higher twist contributions of the skew tensor operator would be of twist-4. Again, the matrix elements (5.20),
(5.21), (5.25) and (5.26) include the contribution of the twist-3 operator containing total derivatives. Let us note,
that the contribution of the additional twist-3 operator, Eq. (4.34), vanishes.
Finally, we remark that after projection onto the light-cone the matrix elements, which have been introduced in
Ref. [10], are recovered. This can be easily checked by using the expansion of the Gegenbauer polynomials or the
Poisson integral representation of the Bessel functions. Let us also point to the essential fact that the x2−dependence
is contained in the polynomials hνn(P |x) and the functions Hν(P |x) in the case of the moments and the wave functions,
respectively. Since the latter is given by
2Γ(ν)Hν(P |x) = 4ν
∫ +1
−1
dt(1− t2)ν−1ei(Px)
(
1+t
√
1−m2x2/(Px)2
)
/2 (5.27)
one would obtain a fairly simple expansion in powers of m2x2/(Px)2. As has been pointed out for general distribution
amplitudes in Sec. II the meson DAs of definite twist are independent from any coordinates or momenta and therefore,
coincide on-cone and off-cone. The whole information about the power corrections is contained in twist projection of
the operators from which the matrix elements are taken.
VI. CONCLUSIONS AND COMMENTS
In this paper, we introduced a general procedure of parametrizing non-forward matrix elements of non-local QCD
operators OΓ(κx,−κx) by multi-variable distribution amplitudes f (τ)a (Z) of well-defined geometric twist τ , namely,
single variable hadron distributions, double distributions, triple distributions etc., times position-dependent coefficient
functions c(τ) as well as kinematical factors KΓ related to the Lorentz structure of the QCD operators and the hadron
states sandwiching the operators O(τ)Γ . The procedure relies on the unique twist decomposition of non-local operators
off the light-cone leading to an infinite series of operators with growing twist. This decomposition is completely of group
theoretical origin and is equivalent to the decomposition of the local operators into irreducible tensor representations
of the Lorentz group. In the case of operators whose moments are related to totally symmetric tensors, using the
procedure of harmonic extension [8], we were able to determine the decomposition completely. For operators with
non-trivial symmetry type, due to the lack of a general theoretical framework, only the terms up to twist τ = 3 have
been determined. However, this covers already almost all the phenomenological interesting cases of quark-antiquark
operators.
Using these results we determined the off-cone power corrections to various double distributions and the vector
meson wave functions being the inputs of the corresponding scattering amplitudes and hadronic form factors, respec-
tively. These power corrections, in the case of local operators, are expressed by a finite sum in terms of Gegenbauer
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polynomials being multiplied with the moments of the distribution amplitudes and, in the case of non-local operators,
by a finite sum in terms of Bessel functions now multiplied with the distribution amplitudes directly. As a remarkable
fact, which may be read off from Sec. V, we observe that (the moments of) the distribution amplitudes are independent
of whether the operators are taken off-cone or on-cone. Furthermore, the off-cone expressions are obtained from the
on-cone ones by harmonic extension.
This very encouraging behaviour strongly relies on the definition of the distribution amplitudes through matrix
elements of operators with definite geometric twist – contrary to their possible definition with respect to ‘dynamical’
twist. This, of course, would extend a procedure to the non-forward case which has been introduced for the forward
matrix elements (on the light-cone) in Ref. [9]. As a consequence it is not necessary to use any further dynamical input,
like equations of motion, and to take into account operators containing total derivatives in order to get expressions
of well-defined geometric twist: their contribution is already contained in the expressions of given (geometric) twist.
Concerning the computation of the scattering amplitudes resp. form factors of physical relevance some Fourier
transformation has to be carried out whose result mainly depends on the (singular) coefficient functions as well as
on the various Bessel functions. However, modulo specific tensorial structures, one simply has formally to substitute
x → iq/Q2 leading to the replacements of (xPZ) → (qPZ)/Q2 and x2(PZ)2/(xPZ)2 → ((PZ)2/Q2)(Q2/(qPZ))2,
especially in the expressions hνn(PZ|x) and Hν(PZ|x). The currently most interesting example is the (deeply) virtual
Compton scattering whose consideration has been postponed to another paper.
There is a further point deserving attention. Since the distribution amplitudes of definite twist are given already on-
cone their renormalization group induced Q2−evolution, which is determined by the (non-local) anomalous dimension
of the non-local light-ray operators of definite twist, should be clearly separated from the kinematical power-like target
momentum resp. mass corrections.
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